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We show that soft-gluon twist-3 contributions to single-spin asymmetries (SSA) in hard processes
may be expressed in the form of effective T-odd Sivers distributions, whose signs and scales are
modified by process-dependent colour factors. We thus prove that the Sivers mechanism may also
be applied at large transverse momenta. We stress that twist-3 SSA in semi-inclusive deeply in-
elastic scattering and Drell–Yan processes are suppressed by transverse momentum rather than a
virtual-photon momentum transfer and thus na¨ıvely correspond to twist two at the hadronic level.
More rigorously, the transverse-momentum weighted averages of the Sivers function correspond to
increasing twist (3, 5, 7, . . . ) while the full kT -dependent Sivers function (just as other transverse-
momentum dependent distribution and fragmentation functions) corresponds to a resummed infinite
tower of higher twists.
PACS numbers: 12.38.Aw, 13.60.Hb, 13.88.+e
INTRODUCTION
Single-spin asymmetries (SSA) represent one of the
most subtle and intriguing effects in QCD. In the simplest
inclusive processes parity conservation requires a trans-
versely polarised beam or target. Inasmuch as the trans-
verse polarisation component is not enhanced by Lorentz
boosts, one immediately encounters the necessity of de-
scribing twist-3 effects. This can be achieved via use of
either local [1] or non-local [2, 3, 4, 5] operators.
The latter approach also permits the description of the
imaginary phases required to produce T-odd effects, such
as SSA. These phases mimic true T(CP) violation (see
e.g. [6]) and allow T-odd effects in a T-conserving theory,
such as QCD. The phases emerging from gluon loops de-
scribing initial- and final-state interactions (ISI and FSI)
in hard subprocesses are suppressed by powers of light-
quark masses and the QCD coupling constant [7]. How-
ever, deeper analysis [8] shows that quark masses should
be substituted by hadronic mass scales. Moreover, ISI
and FSI between the hard and soft regions of QCD fac-
torisation, which is just the physical picture correspond-
ing to twist three, lead to SSA free of both suppression
factors [9]. The imaginary phase is generated by gluon
correlations with soft quarks; the situation when instead
the gluon is soft was also considered later [10].
An alternative description of SSA effects is provided by
a T-odd transverse-momentum dependent (TMD) distri-
bution function, first introduced by Sivers [11]. As soon
as there is no kinematical variable whose cut produces
an imaginary phase in the hadron–parton transition am-
plitude, this may simply become an effective function [6],
so that the phase also emerges owing to the ISI and FSI
involving hard subprocess. The first case of the appear-
ance of an effective T-odd distribution was found [12] for
soft-gluon SSA in the Drell–Yan (DY) process integrated
over transverse momenta [13]. It was later identified [14]
with the first moment of the Sivers function, which plays
a special role in what follows. The role of FSI between
the hard and soft regions of semi-inclusive deeply inelas-
tic scattering (SIDIS) was clearly revealed in the model
of Brodsky, Hwang and Schmidt [15], where it was in-
terpreted [16] as a manifestation of the Sivers function.
The crucial role of hard processes in defining this function
was made manifest by the discovery of a sign difference
between SIDIS and DY.
This is all qualitatively similar to earlier findings [17]
in the twist-3 case. However, the apparent difference
between the FSI arising in twist-3 interactions is the ab-
sence of true power suppression. The situation is, though,
even more peculiar. In the hard Abelian process of semi-
inclusive production of a real photon by a deeply virtual
photon (SIDVCS, the semi-inclusive counterpart of the
well-known DVCS [18] process) an overall suppression as
MpT/Q
2 was shown [19] to be compensated by a gluonic
pole in the quark–gluon correlator, which is approached
at low pT ≪ Q as the gluon momentum fraction is de-
fined by kinematics xg ∼ p
2
T /Q
2, indicating the possibil-
ity to obtain unsuppressed (in Q) twist-3 effects. Similar
conclusions that the Sivers function and gluonic poles de-
scribe similar physics for different pT have been reached
within the framework of a general proof [20].
These analyses imply a picture in which the Sivers
function is limited to the low-pT region, where a spe-
cial type of factorisation [21] is assumed valid and either
the continuation of the twist-3 result to lower pT [19] or
matching [20] of high- and low-pT results is adopted.
Here we suggest a different, complementary approach,
to apply the Sivers function at high pT . This is of special
2importance for hadronic processes where pT is the only
hard scale. We present general quantitative relations be-
tween the Sivers function and gluonic poles, using master
formulæ [22] for the latter, and find that besides the sign
there are important process-dependent colour factors (cf.
[23, 24], where such colour factors were calculated by con-
sidering gauge links) modifying the Sivers function and
underlining its effective nature.
We also provide a general proof of the non-suppression
in Q2 of the twist-3 SSA in question. We show that
the various transverse moments of the Sivers function
correspond to increasing twist (3, 5, 7, . . . ), while the
entire TMD function corresponds to a resummed infinite
tower of higher twists. We also perform the first rigorous
application of the Sivers function to SSA at large pT and
discuss some phenomenological consequences
FROM THE SIVERS FUNCTION
TO GLUONIC POLES
To prove the relation between twist three and the
Sivers function we shall not attempt to obtain the latter
as some special limit [19, 20] of a twist-3 contribution,
but instead transform some approximation of it to the
form [22] appearing in the twist-3 calculation.
We shall start with the following factorised formula
involving the Sivers function
d∆σ ∼
∫
d2kT dx fS(x, kT ) Tr
[
γρH(xP, kT )
]
ǫρsPkT ,
(1)
where other (unpolarised and collinear) distribution or
fragmentation functions should normally also be present.
This leads to the dependence of H on the respective
transverse momenta. The presence of only one TMD
distribution function makes a notable difference with re-
spect to standard TMD factorisation [21, 25], where all
non-perturbative ingredients are transverse-momentum
dependent. In the latter case a similar expression is only
assumed to be applicable at low transverse momenta.
We shall now prove that at large transverse momenta it
is, instead, related to the contribution of gluonic poles in
twist-3 factorisation. This will allow us to justify the ap-
plicability of the Sivers function in an extended kinemat-
ical region and to estimate the accuracy of such an appli-
cation, depending on the degree to which the gluonic-pole
contribution may be considered dominant. To achieve
this goal, we expand the subprocess coefficient function
H in powers of kT , retaining only the first non-vanishing
term:
d∆σ ∼
∫
d2kT dx fS(x, kT )Tr
[
γρ
∂H(xP, kT )
∂kαT
]
k
T
=0
kαT ǫ
ρsPk
T.
(2)
This is a natural step in selecting twist-3 terms [3, 4], jus-
tified by the expected rapid decrease of the Sivers func-
tion with respect to any hard scale determining the kT
dependence of the hard kernel, and is a crucial element
of our proof.
The kT integration now only includes soft parts and
will thus be expressed via moments of the Sivers function,
which may otherwise appear due to particular definitions
of some measurable asymmetries [24]. Let us first average
over the directions of kT using the standard relation〈
kµTk
ν
T
〉
= − 12g
µν
T
〈
k2T
〉
, (3)
where gµνT ≡ g
µν − Pµnν − nµP ν is defined with respect
to the same light-cone vectors P and n (P ·n = 1) that
define the direction of kT , thus P ·kT = 0 = n·kT . On
substituting this expression into (2), one obtains
d∆σ ∼ −M
∫
dx f
(1)
S (x)Tr
[
γρ
∂H(xP, kT )
∂kαT
]
k
T
=0
×
(
ǫρsPα − PαǫρsPn
)
, (4)
where
f
(1)
S (x) =
∫
d2kT fS(x, kT )
k2T
2M2
. (5)
The final step now exploits the following kinematic
identity [3]:
ǫρsPα = PαǫρsPn − P ρǫαsPn, (6)
which results from the vanishing of any totally antisym-
metric fifth-rank tensor in four-dimensional space. This
then allows the two terms in (4) to be recombined:
d∆σ ∼M
∫
dx f
(1)
S (x) Tr
[
/P
∂H(xP, kT )
∂kαT
]
k
T
=0
ǫαsPn.
(7)
Note that the above-mentioned dependence of H on the
momenta of other particles, described by collinear dis-
tribution and fragmentation functions, is now crucial, as
only these momenta may carry the index α while the
derivative is calculated. If other detected particles are ab-
sent, as in the case of DIS, the asymmetry is, of course,
identically zero. The key observation now is that this
expression exactly coincides with the recently obtained
master formula [22] for the contribution of twist-3 gluonic
poles in high-pT processes. The Sivers distribution can
then be identified with the gluonic pole strength T (x, x)
multiplied by a process-dependent colour factor. In turn,
the sign of the Sivers function is fixed according as to
which of the ISI or FSI is relevant:
f
(1)
S (x) =
∑
i
Ci
1
2M
T (x, x), (8)
where Ci is a relative colour factor, defined with respect
to an Abelian subprocess (say SIDVCS discussed above,
where it is just CF ), which is naturally absorbed into the
3definition of the quark–gluon correlator [3]. As we shall
discuss below, this is also the factor appearing in low-pT
SIDIS and DY at the Born level.
The relation established is one of the principal results
of this paper. Note first that it clarifies the relation be-
tween twist-3 and twist-2 effects discussed above. Indeed,
the mass parameter in the numerator is compensated by
a kinematical variable, which is produced by taking the
derivative of the hard kernel with respect to transverse
momentum. If it depends on both the transverse mo-
mentum pT and the (larger) virtual photon momentum
Q2, then the terms with 1/p2T are dominant. Thus, the
result is not suppressed as 1/Q2 and is na¨ıvely of leading
twist.
On the other hand, the second moment of the Sivers
function enters the original expression (1) with a factor
M instead of 1/M , indicating its twist-3 nature. This
may be seen immediately by defining the Sivers func-
tion in coordinate (impact-parameter) space, in a manner
similarly to earlier discussions [26] of the Collins fragmen-
tation function:
〈P, s|ψ(0)γρψ(z)|P, s〉 ∼Mǫ
ρsPz
∫
dx eizxf
(1)
S (x). (9)
Note too that higher Sivers-function moments enter with
higher derivatives of the coefficient function and there-
fore correspond to higher twist (5, 7, 9, . . . ). The entire
kT -dependent Sivers function thus corresponds to a re-
summed infinite tower of higher twists. This property
has also been studied in coordinate space [26], where kT -
dependent functions represent a complete similarity with
non-local quark condensates. The latter manifest a simi-
lar resummation of an infinite tower of higher twists (see
e.g. [27] and refs. therein), but for vacuum rather than
hadronic matrix elements. Note also the difference be-
tween the result obtained here and that of [20]: in the
latter case the twist-3 contribution at large transverse
momenta pT is expressed in terms of a perturbative Sivers
function, which is the source of large pT . In contrast, our
result implies the use of an ordinary, non-perturbative,
Sivers function.
COLOUR FACTORS AND
THE TRANSITION FROM LARGE
TO SMALL TRANSVERSE MOMENTA
Let us consider some particular applications of this re-
lation, starting with high-pT SIDIS. In this case there
are only final-state interactions, while the colour factors
differ for mesons produced in fragmentation of quarks
(−1/2Nc; see Fig. 1, top) or gluons (Nc/2; see Fig. 1,
bottom). This shows that there is a specific enhance-
ment in the latter, which is of special importance for K−
mesons.
Matching of the large- and small-pT descriptions is an
pi
pi
FIG. 1: Twist-3 SIDIS pion production via (top) quark and
(bottom) gluon fragmentation.
intriguing question as there is no sharp border. Clarifi-
cation may be obtained by comparison with the pertur-
bative Sivers-function calculation [20]: there is a hard
(in addition to soft) gluonic-pole contribution (when the
gluon carries a finite momentum fraction) restoring the
correct “Abelian” colour factor CF . Moreover, the entire
surviving contribution is just due to hard poles.
It is interesting to consider the possibility of describ-
ing these effects within the framework of a model, such
as that of [15]. To do so, one may modify it by con-
sidering the emission of an extra hard gluon, in order to
allow for high pT . Moreover, to distinguish the colour fac-
tors, one should attribute some colour-charge exchange
to both the FSI and to the emission of the extra hard
gluon. Another possibility may be to consider the elec-
tric instead of colour charge, following the recent idea of
Collins and Qiu [28].
Generalising their approach, one may consider the
emission of a hard charged gluon, balancing the large
transverse momentum. In this case, the hard gluonic pole
leading to the Abelian colour factor (or to the electric-
charge factor corresponding to the charge of the quark
from the polarised target in the approach of [28]) in
SIDIS corresponds to FSI that occur before emission of
this extra gluon. At the same time, the description of
the twist-3 mechanism at high pT in terms of an effec-
tive Sivers function related to soft poles emerges when
the FSI happen after emission of the extra gluon, as in
Fig. 1 (top). Therefore, even in SIDIS factorisation, in
the sense of [28], is broken by the emission of charged
gluons; that is, in the sense of the present paper, it is
modified by the (colour) charge factor.
We note the similarity with the SIDVCS calcula-
tion [19], where the entire contribution associated with
the Sivers function is also due to hard poles, since for fi-
nite pT there are no soft poles at all. With decreasing pT ,
the hard pole becomes soft and produces the Sivers func-
tion. We therefore expect that, with decreasing pT , the
4increasing contributions of softening hard poles should
smoothly alter the colour factor of quark fragmentation
contributions to CF while the gluonic contributions dis-
appear, both effects occurring at typical hadronic scales.
It would be challenging to verify this theoretical picture
by experimental observation. We might also note that
the Abelian colour factor is recovered if the fragmen-
tation probabilities from quark and gluon jets coincide.
This is natural, since for small pT there is no way to dis-
tinguish or resolve quarks and collinearly emitted gluons.
To experimentally verify such a picture, it would be of
major importance to distinguish between mesons origi-
nating from either quark or gluon fragmentation at large
pT . While a complete separation is impossible, there are
methods that can help. Firstly, one may use jet shape,
which differs for quark and gluon jets owing to the differ-
ent spins of the fragmenting objects. This difference in
spin can also be seen in the tensor polarisation of vector
mesons [29]. However, most promising would seem to be
exploration of the different z-dependences in quark and
gluon fragmentation functions. The faster decrease of the
latter should result in dramatic variations of SSA, so that
at low z gluon fragmentation would be dominant with a
colour factor Nc/2, while at large z one would expect a
sign change and transition to quark fragmentation with
a factor −1/2Nc.
Note that at high pT there is thus a simple and direct
connection between the Sivers functions for SIDIS and
DY processes. Indeed, the relation is now
fSIDIS,iS = −f
DY,i
S (i = q, g), (10)
which holds separately for quark and gluon contributions.
In DY this entails dilepton production by quarks or glu-
ons from an unpolarised hadron, while in SIDIS it corre-
sponds to meson production from quark or gluon frag-
mentation. The observable asymmetries are therefore
proportional to distribution and fragmentation functions
respectively. This relation is also very interesting to test
experimentally, especially since the (unpolarised) gluon
distribution function is much better known than that for
fragmentation.
Let us now turn to hadronic processes, starting with
the simplest: direct-photon production. There are only
initial-state interactions with gluons, resulting in the very
simple relation
Fhh→γXS =
Nc
2
fDYS . (11)
Exploration of this process in various kinematical regions
can provide information on the gluon Sivers function [30].
There is little doubt that this is also an effective function,
related to the three-gluon correlators considered earlier
in relation to pion SSA [31] and the DIS structure func-
tion g2 [32, 33]. The generalisation of our approach to the
case of three-gluon correlators is therefore an important
task. Consideration of quark–gluon processes is more
complicated; a list of colour factors relevant for twist-3
subprocesses may be found in [23, 24]. Let us only men-
tion that FSI for pions produced in quark fragmentation
may be reexpressed in a manifestly gauge-invariant man-
ner via the summation formula
taS ta = −
1
2Nc
S +
1
2
1TrS. (12)
The first term corresponds to the usual Sivers function
[34] with colour factor −1/2Nc and the second to the
Abelian Compton subprocess, with s- and u-channel di-
agrams contributing with the same factors while the t-
channel is absent. Both terms are separately gauge in-
variant.
Such a dramatic modifications of hadronic processes
may be considered as another way of describing what, in
the model approach [28] discussed above, was termed the
violation of factorisation in hadronic processes. The cal-
culation was performed there in an Abelian model similar
to that of [15].
The main point of the argument in [28] is the pro-
portionality of the contribution of the Sivers function to
the electric charge of the quark from the other (unpo-
larised) hadron. This observation has a direct counter-
part in our approach. The colour factor is defined by
the colour charge of the parton participating in the ISI
and FSI. This charge is, generally speaking, independent
of the properties of the polarised hadron emitting the
gluon that participates in the ISI and FSI and, in this
sense, breaks factorisation. SIDIS and DY processes at
low pT are exceptional: the colour charge of the quark
participating in the FSI in SIDIS is the same as that of
the quark originally emitted by polarised hadron. By the
same token, the colour charge of the antiquark partici-
pating in the ISI in DY processes at low pT is just the op-
posite, which explains the Collins sign rule. At the same
time, the emission of a hard gluon changes these colour
charges in high-pT SIDIS, DY processes and, needless to
say, other hadronic processes. This modification of colour
charge causes a colour modification of the effective Sivers
function.
DISCUSSION AND CONCLUSIONS
We have suggested and proved here a method of apply-
ing the Sivers distribution at large transverse momenta.
We have shown that the Sivers function is, in effect, none
other than an expression of the contribution of gluonic
poles. It is therefore process dependent and this depen-
dence includes, besides the sign related to the ISI and
FSI responsible for the imaginary phase, a colour factor.
Such a picture is complementary to that considered
previously, in which matching between the Sivers func-
tion and twist-3 matrix elements occurred in the region
5where, strictly speaking, factorisation formulæ were not
valid. The matching between various pT regions now
takes the form of a pT -dependent colour factor. We have
studied this dependence in SIDIS, where it is a sort of
colour separation, similar to the phenomenon of colour
transparency. That is, at low pT one cannot distinguish
between mesons originating from quark and gluon frag-
mentation. As soon as one is able to do so at larger
pT , they enter the Sivers asymmetry with dramatically
different colour factors, in both sign and scale.
This complementary method of establishing a rela-
tion between the Sivers function and twist-3 matrix el-
ements lends support to the possibility of global fits
of Sivers functions [19], including lepton–hadron and
hadron–hadron processes, as well as DIS, where twist
three also contributes.
We have shown that transverse moments of the Sivers
function correspond to increasing twists, starting at
three. The entire function corresponds to a resummed
tower of twists, which is just the object to be considered
at low pT .
Our result is especially relevant for those hadronic pro-
cesses in which pT is the only hard scale. We have proved
that direct-photon production is described by a colour
factor Nc/2 and have suggested a method to rearrange
the colour factors in a manifestly gauge-invariant way.
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